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ENDPOINT BOUNDS FOR A CLASS OF SPECTRAL
MULTIPLIERS ON COMPACT MANIFOLDS
JONGCHON KIM
Abstract. It is well known that the Stein-Tomas L2 Fourier restriction
theorem can be used to derive sharp Lp bounds for radial Fourier multi-
pliers such as the Bochner-Riesz means. In a similar manner, Lp Ñ L2
estimates for spectral projection operators have been utilized in order
to obtain sharp Lp bounds for spectral multipliers of self-adjoint elliptic
pseudo-differential operators on compact manifolds. In this paper, we
refine an endpoint result for spectral multipliers due to Seeger, provid-
ing endpoint bounds in terms of Besov spaces. Our proof is based on
the ideas from the recent work by Heo, Nazarov and Seeger, and Lee,
Rogers and Seeger on radial Fourier multipliers.
1. Introduction
Assume thatM is a compact smooth manifold of dimension d ě 2 without
boundary. Let A be a first order classical elliptic pseudo-differential operator
on M which is positive and self-adjoint with respect to a smooth positive
density dx. An important special case is
?´∆ for the Laplace-Beltrami
operator ∆ on a Riemannian manifold. For the background information on
pseudo-differential operators on manifolds and related topics, we refer the
reader to [26, 34, 29].
It can be shown by spectral theory that L2pMq admits a spectral decom-
position and the spectrum of A is discrete; 0 ď λ1 ď λ2 ¨ ¨ ¨ . Let El be the
orthogonal projection onto the eigenspace associated with the eigenvalue λl.
For each bounded function m, one can define a bounded operator mpAq on
L2pMq by
mpAqf “
ÿ
l
mpλlqElf.
Let apx, ξq be the principal symbol of A. Throughout the paper, we make
the following assumption.
Assumption. For each x P M , Σx “ tξ P T ˚xM : apx, ξq “ 1u has every-
where nonvanishing Gaussian curvature.
As a consequence of the assumption, Lp Ñ L2 estimates for spectral
projection operators χn :“ χrn,n`1spAq were obtained for a given n ě 0. Let
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δppq “ dp1
p
´ 1
2
q´ 1
2
, which coincides with the critical index for Bochner-Riesz
multipliers in the range p ď 2d
d`1 .
Theorem A. Let 1 ď p ď 2pd`1q
d`3 . Then
(1.1) ‖χnf‖L2pMq À p1` nqδppq‖f‖LppMq.
This result is due to Sogge [28], Christ and Sogge [4], and Seeger and
Sogge [23]. Theorem A can be seen as a generalization of the Stein-Tomas
L2 Fourier restriction theorem, which has been successfully applied, among
other things, in the study of radial Fourier multipliers such as the Bochner-
Riesz multipliers (see e.g. [6, 1, 20]). In a similar manner, Theorem A has
been utilized in order to obtain certain sharp Lp estimates for the operator
mpAq (see e.g. [27, 24]). For more general results in an abstract setting, we
refer the reader to [9] and references therein.
Endpoint estimates, which often demand more delicate arguments, have
also been obtained for the Bochner-Riesz multipliers [3, 2, 22, 31, 32]. In
the case of the Riesz means for the eigenfunction expansions for pseudo-
differential operators on compact manifolds, i.e. mδt pAq where mδt pλq “
p1´λ{tqδ`, there is the following endpoint result at the critical index δ “ δppq.
We denote by Lp,q the Lorentz spaces.
Theorem B. Let 1 ď p ď 2pd`1q
d`3 . Then
sup
tą0
∥
∥
∥m
δppq
t pAqf
∥
∥
∥
Lp,8pMq
À ‖f‖LppMq.
This result is due to Christ and Sogge [4], Seeger [21], and Tao [31].
More generally, Seeger [21] proved an endpoint result on mpAq for m in
localized R2α,q spaces, where R
2
α,q is a function space which enjoys properties
similar to, but is strictly contained in the Besov space B2α,q for q ą 1.
We recall that the Bochner-Riesz multipliers can be decomposed as a sum
of multipliers supported in finitely many overlapping thin annuli (see e.g.
[30]). The space R2α,q is distinguished from B
2
α,q by the existence of such a
decomposition, which makes it convenient to exploit orthogonality. It had
remained as an open question whether one can replace R2α,q by B
2
α,q.
Lee, Rogers and Seeger [17] answered the question in the affirmative at
least in the setting of radial Fourier multipliers. They adapted an approach
used by Heo, Nazarov and Seeger [11, 10], where a necessary and sufficient
condition for the Lp boundedness of radial Fourier multipliers was provided
in sufficiently high dimensions. The role of the L2 Fourier restriction theo-
rem was crucial in [17]. Some of results in [11, 10, 17] were generalized by
the author [15, 16] to quasiradial Fourier multipliers and maximal operators
associated with them.
The recent developments on radial Fourier multipliers suggest a similar
improvement on the estimate for spectral multipliers mpAq. The main result
of this paper is an endpoint estimate formpAq in terms of Besov spaces. This
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answers the question arising from [21] in the affirmative. In what follows,
we let αppq “ δppq ` 1
2
“ d
´
1
p
´ 1
2
¯
.
Theorem 1.1. Let 1 ă p ă 2pd`1q
d`3 , p ď q ď 8, and ψ be a non-trivial
smooth function compactly supported in p0,8q. Then
‖mpAqf‖Lp,qpMq À sup
tą0
‖mpt¨qψ‖B2
αppq,q
pRq‖f‖LppMq.
Let us mention some earlier results. Theorem 1.1 with B2
αppq,q replaced
by the Sobolev space L2α for any α ą αppq is due to Seeger and Sogge [24].
Seeger [21] improved their result by replacing the Sobolev space by R2
αppq,q
discussed earlier.
By a transplantation theorem of Mitjagin [19] (see also [14, 4]), we may
deduce an endpoint Fourier multiplier theorem from Theorem 1.1. Let a be
a smooth positive function on Rd{0 which is homogeneous of degree 1. We
denote by mpapDqq the Fourier multiplier transformation associated with
the Fourier multiplier mpapξqq, i.e.
FrmpapDqqf spξq “ mpapξqqFfpξq.
Corollary 1.2. Let 1 ă p ă 2pd`1q
d`3 , p ď q ď 8, and ψ be a non-trivial
smooth function compactly supported in p0,8q. Assume that Σ “ tξ P Rd :
apξq “ 1u has everywhere non-vanishing Gaussian curvature. Then
‖mpapDqqf‖Lp,qpRdq À sup
tą0
‖mpt¨qψ‖B2
αppq,q
pRq‖f‖LppRdq.
The result, in the radial case apξq “ |ξ|, was obtained in [17]. A direct
proof of Corollary 1.2 will be given in the author’s thesis. The sharpness of
Corollary 1.2 (see [17]) yields the sharpness of Theorem 1.1 in the sense that
the Besov space B2
αppq,q cannot be replaced by any larger L
2-based Besov
space.
The proof of Theorem 1.1 will be based on the atomic decomposition
using Peetre’s square function and the following uniform estimate.
Theorem 1.3. Let 1 ă p ă 2pd`1q
d`3 and p ď q ď 8. Assume that m is a
function in B2
αppq,qpRq and supported in r1{2, 2s. Then
sup
tą0
‖mpA{tqf‖Lp,qpMq À ‖m‖B2
αppq,q
pRq‖f‖LppMq.
Let us briefly discuss some of standard ingredients of the proof. The start-
ing point of our analysis is the representation of mpA{tq using the Fourier
transform;
mpA{tqf “ 1
2π
ż
t pmptrqeirAfdr,
where eirAf “ řl eirλlElf solves the Cauchy problem for iBr ` A. We
distinguish the integral into two parts; |r| ě ǫ and |r| ă ǫ, for a sufficiently
small ǫ ą 0. To handle the case |r| ě ǫ, one can replace Lp norm with
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L2 norm by Ho¨lder’s inequality without any loss by the compactness of M .
Then we apply an orthogonality argument and Theorem A as in [24]. We
shall see that this part, in fact, behaves better; it is sufficient to assume
that m P B2
αppq,8. In the case |r| ď ǫ, there is a parametrix constructed by
Lax and Ho¨rmander (see [12]), which provides an approximation of eirA by
Fourier integral operators. This makes it possible to apply arguments for
quasiradial Fourier multipliers (cf. [16]).
The novelty of this paper perhaps lies in certain quasi-orthogonality es-
timates, which control the interaction between operators associated with
different dyadic pieces of pm (see Section 5.3). The proof of the estimates
is based on [17], but it requires finer estimates. We employ the so-called
second dyadic decomposition (see e.g. [25, 30]) and adapt an idea from the
work by Lee and Seeger [18] for the construction of an exceptional set.
This paper is organized as follows. In Section 2, we provide some pre-
liminary standard estimates. In Section 3, we reduce Theorem 1.3 to a
normalized local estimate and further to a restricted weak-type inequality.
We prove the restricted weak-type inequality in Section 4 and 5. In Section
6, we prove Theorem 1.1.
We close this section with a final note on notations. We denote by N a
sufficiently large number (with respect to d) which may differ from line to
line. We use the notations l “ OpBq and l À B to indicate |l| ď CB for
a harmless constant C, which is allowed to depend on M,A, d, p, q, ǫ,N .
Acknowledgment. This paper will be a part of the author’s PhD thesis.
He would like to thank his advisor Andreas Seeger for his support, guid-
ance and constant encouragement throughout this project. This work was
supported in part by the National Science Foundation.
2. Preliminary estimates
2.1. Fourier integral estimates. In what follows, we denote by Spx, yq
the integral kernel of an operator S, and vice versa. By a compactness
argument, we may assume throughout the paper that f is supported in a
compact subset Ω0 of a coordinate patch Ω Ă M . We shall identify Ω to a
relatively compact open subset of Rd. In addition, we shall fix a compact
subset X of Ω whose interior contains Ω0.
We recall that, there is ǫ ą 0 such that if |r| ď 100ǫ, then eirA admits an
approximation by a Fourier integral operator (see e.g. [12, 26, 29]);
eirApx, yq “ Srpx, yq ` Erpx, yq,
whereErpx, yq “ Epr, x, yq is an “error” term satisfying |BNr Epr, x, yq| ď CN .
The support of Srpx, yq can be chosen to be a sufficiently small neigh-
borhood of the diagonal tpx, xq : x P Mu by taking sufficiently small ǫ. In
particular, we may assume that Srf is supported in X. In addition, we may
assume that Srf˜ is supported in a compact subset of Ω if f˜ is supported in
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X. Moreover, in local coordinates, Srpx, yq can be expressed as
Srpx, yq “
ż
eiϕpx,y,ξqeirapy,ξqqpr, x, y, ξqdξ,
where q is a symbol of order zero in ξ variable. We may assume without loss
of generality that q vanishes if |r| ě 200ǫ. The phase function ϕ satisfies
ϕpx, y, ξq “ xx´ y, ξy`Op|x´ y|2|ξ|q and is homogeneous of degree 1 in the
ξ variable. We also note that the principal symbol apy, ξq is homogeneous
of degree 1 in the ξ-variable.
We shall use the following useful kernel estimate due to Seeger to control
“error terms”.
Lemma 2.1 ( [21, Proposition 3.1] ). Let b be a tempered function such that
supppb Ă r´2j`5, 2j`5s. Assume that 2j ď ǫt.
We have ∣
∣
∣
∣
ż pbprqEpr{t, x, yqdr∣∣∣
∣
À sup
λPR
|bpλq|
p1` 2j |λ|qN .
In particular, bpA{tqpx, yq follows the same estimate if x R Ω and y P X.
If x, y P Ω, then there is a constant C “ Ca,ǫ such that the following holds;
|bpA{tqpx, yq| À sup
λPR
|bpλq|
p1` 2j |λ|qN
ˆ
1
|x´ y|d´1 `
2j{t
|x´ y|d`1
˙
provided that |x´ y| ě C2j{t.
We also need the following result.
Lemma 2.2. Assume that m is a symbol of order ´δ for some δ ą 0, i.e.
|mpnqpλq| ď Cnp1` |λ|q´n´δ,
for all n ě 0. Then for 1 ď p ď 8, we have
sup
tą0
‖mpA{tqf‖LppMq À ‖f‖LppMq.
Proof. This seems to be a standard result, but we sketch the proof for com-
pleteness. Write m “ řkě0mk, where mk is m smoothly cut off to the set
tλ : |λ| „ 2ku for k ě 1 and r´2, 2s for k “ 0. By the triangle inequality, it
suffices to prove that
(2.1) sup
tą0
∥
∥
∥mkt pAqf
∥
∥
∥
LppMq
À 2´kδ‖f‖LppMq,
where mkt “ mkp¨{tq. We may assume that f is supported in a compact
subset of a coordinate patch Ω ĂM .
Note that if 0 ă t ď 2´k, then mkt pAq involves only eigenvalues bounded
by Op1q. Thus, mkt pAqpx, yq is bounded by Op
∥
∥mk
∥
∥
8
q which is Op2´kδq.
This can be verified by Weyl’s formula and sup-norm bounds for eigenfunc-
tions (see e.g. [29]). Therefore, we may assume that the sup is taken over
t ą 2´k in (2.1).
6 JONGCHON KIM
Observe that for k, n ě 0, mkt satisfies
p2ktqn
∣
∣
∣
∣
ˆ
d
dλ
˙n
mkt pλq
∣
∣
∣
∣
À 2´kδ.
An examination of the proof of [24, Lemma 2.4] (see also [34]) shows that
we may write
mkt pAq “ Skt `Rkt ,
where Rkt is a negligible error term, and the kernel of S
k
t satisfies (in local
coordinates)
|Skt px, yq| À 2´kδp2ktqdp1` 2kt|x´ y|q´N .
This proves that the L1pΩq and L8pΩq operator norms of Skt are Op2´kδq,
which yields (2.1) by interpolation. 
2.2. Lp Ñ L2 estimates. Let ηj “ ηp¨{2jq for a fixed even smooth bump
function η supported in tλ : |λ| P r1{4, 4su for j ě 1. We shall further
assume that η is 1 on tλ : |λ| P r1{2, 2su, but this is not required for the
following estimate.
Lemma 2.3. Let β be an L2 function supported on tλ : |λ| P r1{8, 8su and
j ě 1. Then
(2.2) ‖β ˚ ηˇjpA{tqf‖L2pMq À tδppqmaxpt1{2, 2j{2q‖β‖L2‖f‖LppMq.
Proof. When β ˚ ηˇj is multiplied by a compactly supported function, then
the estimate is given in [24]. To handle our case, we add one more standard
error estimate.
We need the following result obtained by the Plancherel-Polya lemma (see
[24, Equation (3.12)]).
(2.3)
´ ÿ
0ďnď16t
sup
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2
¯1{2 À maxpt1{2, 2j{2q‖β ˚ ηˇj‖L2 .
By orthogonality, we may bound ‖β ˚ ηˇjpA{tqf‖L2pMq by
ď
´ÿ
n
ÿ
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2‖Elf‖2L2pMq
¯1{2
ď
´ÿ
n
sup
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2‖χnf‖2L2pMq
¯1{2
À
´ÿ
n
p1` nq2αppq´1 sup
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2
¯1{2
‖f‖LppMq.
Note that β ˚ ηˇj is essentially supported in r1{16, 16s; if |λ| R r1{16, 16s, then
|β ˚ ηˇjpλq| À 2´jN‖β‖1p1` 2j |λ|q´N .
Therefore, if λl „ 2kt for sufficiently large k, say k ě 4, then
|β ˚ ηˇjpλl{tq| À 2´jN2´kN‖β‖1.
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Thus, we may bound ‖β ˚ ηˇjpA{tqf‖L2pMq by a constant times
tδppq
´ ÿ
nď16t
sup
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2
¯1{2
‖f‖LppMq
`
´ ÿ
kě4
p2ktq2αppq´1
ÿ
2ktďnď2k`1t
sup
λlPrn,n`1s
|β ˚ ηˇjpλl{tq|2
¯1{2
‖f‖LppMq
À tδppqmaxpt1{2, 2j{2q‖β‖L2‖f‖LppMq.
Here, we have used (2.3) and ‖β ˚ ηˇj‖2 À ‖β‖2. 
2.3. Dyadic Decomposition. We first remark that if m P L8pr1{2, 2sq,
then
sup
0ătď1
‖mpA{tqf‖L8pMq À ‖m‖8‖f‖L1pMq,
which automatically implies Lp estimates by Ho¨lder’s inequality (see the
proof of Lemma 2.2). Thus, we may restrict our attention to t ě 1.
Let φ be a smooth non-negative even function supported on tr : |r| ď 2u
which is 1 on tr : |r| ď 1u. Set φjprq “ φpr{2jq ´ φpr{2j´1q. It follows that
φj is supported on Ij :“ tr : |r| P r2j´1, 2j`1su and that
ř
jě1 φjprq “ 1 if
|r| ě 2. Let φ0prq “ 1´
ř
jě1 φjprq.
We decompose m as
ř
jě0mj, where xmj “ pmφj . Note that by Lemma
2.3, we have
(2.4) ‖mjpA{tqf‖L2pMq À tδppqmaxpt1{2, 2j{2q‖mj‖2‖f‖LppMq.
By compactness and (2.4), we may bound
∥
∥
∥
∥
ř
2jěǫtmjpA{tqf
∥
∥
∥
∥
LppMq
by a
constant times
∥
∥
∥
∥
ÿ
2jěǫt
mjpA{tqf
∥
∥
∥
∥
L2pMq
À tδppq
ÿ
2jěǫt
2j{2‖mj‖2‖f‖LppMq
À tδppq
ÿ
2jěǫt
2´jpαppq´1{2q‖m‖B2
αppq,8
‖f‖LppMq
À ‖m‖B2
αppq,8
‖f‖LppMq.
(2.5)
Moreover, we have ‖m0pA{tq‖LppMqÑLppMq À ‖m‖2 by Lemma 2.2. There-
fore, for the proof of Theorem 1.3, it remains to show that
(2.6)
∥
∥
∥
∥
∥
ÿ
1ă2jăǫt
mjpA{tqf
∥
∥
∥
∥
∥
Lp,qpMq
À ‖m‖B2
αppq,q
‖f‖LppMq,
with an implicit constant uniform in t ě 1 with the ǫ fixed in Section 2.1.
In what follows,
ř
1ă2jăǫt shall be often abbreviated to
ř
j .
3. Further reductions
In this section, we reduce (2.6) to a certain restricted weak-type inequality.
8 JONGCHON KIM
3.1. Reduction to a local estimate. We shall use a cut-off function η˜
supported in tλ : |λ| P r1{16, 16su which is 1 on tλ : |λ| P r1{8, 8su. Then we
may write
η˜pA{tq “ St `Rt,
where ‖Rtf‖p À t´N‖f‖p and Stf is supported in X. Moreover, |Stpx, yq| À
tdp1 ` t|x´ y|q´N in local coordinates. We refer the reader to [24, Lemma
2.4] for details.
The purpose of this subsection is to reduce (2.6) to the following propo-
sition.
Proposition 3.1. Let 1 ď p ă 2pd`1q
d`3 and assume that bj satisfies the
following conditions;
(i) ‖bj‖2 ď C for all j.
(ii) supp pbj Ă tr : |r| P r2j´2, 2j`2su.
(iii) For n,N ě 0, we have
(3.1) |bpnqj pλq| ď Cn,N2´jN p1` 2j |λ|q´N , if |λ| R r1{8, 8s.
Then we have
(3.2)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2jd{2bjpA{tqStfj
∥
∥
∥
∥
LppΩq
À
´ÿ
j
2jd‖fj‖
p
LppΩq
¯1{p
,
whenever the support of fj is contained in a fixed compact subset Ω0 of a
coordinate patch Ω ĂM .
From Proposition 3.1, we may derive the following result.
Proposition 3.2. Let p, bj , and fj as in Proposition 3.1. Then,
(3.3)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2jd{2bjpA{tqfj
∥
∥
∥
∥
LppMq
À
´ÿ
j
2jd‖fj‖
p
LppΩq
¯1{p
.
Moreover, for 1 ă p ă 2pd`1q
d`3 and p ď q ď 8, we have
(3.4)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2
´jdp 1
p
´ 1
2
q
bjpA{tqfj
∥
∥
∥
∥
Lp,qpMq
À
∥
∥
∥
∥
´ÿ
j
|fj |q
¯1{q∥∥
∥
∥
LppΩq
.
Proof. To see (3.3), we note that by Lemma 2.1,
‖bjpA{tqf‖LppΩcq À 2´jN‖f‖LppΩq,
for f compactly supported in Ω. Since Stf is compactly supported in Ω, we
obtain
(3.5)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2jd{2bjpA{tqStfj
∥
∥
∥
∥
LppΩcq
À
´ÿ
j
2jd‖fj‖
p
LppΩq
¯1{p
by the triangle inequality and Ho¨lder’s inequality. This enables us to replace
Ω in (3.2) by M . Next, we may harmlessly replace St in (3.2) by η˜pA{tq “
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St ` Rt since the Lp operator norm of Rt is Opt´N q. Thus, so far we have
seen that (3.2) implies
(3.6)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2jd{2bj η˜pA{tqfj
∥
∥
∥
∥
LppMq
À
´ÿ
j
2jd‖fj‖
p
LppΩq
¯1{p
,
as bjpA{tqη˜pA{tq “ bj η˜pA{tq.
Note in addition that
‖bjp1´ η˜qpA{tqf‖LppMq À 2´jN‖f‖LppMq,
which follows from Lemma 2.2 and the fact that
(3.7) |rbjp1´ η˜qspnqpλq| ď Cn,N2´jN p1` 2j |λ|q´N .
Taking account of this, we have
(3.8)
∥
∥
∥
∥
ÿ
1ă2jăǫt
2jd{2bjp1´ η˜qpA{tqfj
∥
∥
∥
∥
LppMq
À
´ÿ
j
2jd‖fj‖
p
LppΩq
¯1{p
,
which, together with (3.6), implies (3.3).
The Lorentz space estimates (3.4) follows from (3.3) by an interpolation
lemma [17, Lemma 2.4]. 
Next, we show that Proposition 3.2 implies (2.6). Let η0 be a smooth
bump function supported in tλ : |λ| P r1{6, 6su which is 1 on tλ : |λ| P
r1{4, 4su. We decompose mj as
(3.9) xmj “ xmjηj “ Frmjη0sηj ` Frmjp1´ η0qsηj .
If we let hj “ rmjp1 ´ η0qs ˚ ηˇj , then hpnqj satisfies estimates similar to
(3.7), up to a multiplicative constant ‖m‖1. Therefore, we have
‖hjpA{tqf‖LppMq À 2´jN‖m‖L1‖f‖LppMq,
which reduces (2.6) to the following estimate:
(3.10)
∥
∥
∥
∥
∥
ÿ
j
rpmjη0q ˚ ηˇjspA{tqf
∥
∥
∥
∥
∥
Lp,qpMq
À ‖m‖B2
αppq,q
‖f‖LppΩq.
Set bj “ pmjη0q ˚ ηˇj{‖mj‖2 (bj “ 0 when ‖mj‖2 “ 0). Then bj satisfies
the assumptions in Proposition 3.1 and (3.10) follows by applying (3.4) with
fj “ 2jαppq‖mj‖2f . Thus, it only remains to prove Proposition 3.1 for the
proof of Theorem 1.3.
3.2. Reduction to a restricted weak-type inequality. Fix a relatively
compact open set in Rd which we identify with Ω Ă M . For each z “
pz1, ¨ ¨ ¨ , zdq P Zdt :“ pZ{tqd, set qz “ X X
śd
i“1rzi, zi ` 1{tq. Let fj,z be a
function such that |fj,z| ď χqz . Suppose that we have the following;
(3.11)
∥
∥
∥
∥
ÿ
j
2jd{2
ÿ
zPZdt
γj,zbjpA{tqfj,z
∥
∥
∥
∥
LppΩq
À
´ÿ
j
2jdt´d
ÿ
zPZdt
|γj,z|p
¯1{p
,
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where the implicit constant is independent of the choice of fj,z and γj,z.
We claim that Proposition 3.1 follows from (3.11). To see this, define
γj,z “ sup
xPqz
|Stfjpxq| and fj,z “ γ´1j,z χqzStfj if γj,z ‰ 0,
and fj,z “ 0 if γj,z “ 0. Since
ř
zPZdt
γj,zfj,z “ Stfj, it remains to observe
that
ř
zPZdt
|γj,z|p À td‖fj‖pp. Let ut “ t´dp1` t| ¨ |q´N . Then the observation
follows from
|γj,z|p À |ut ˚ fjpzq|p À td
ż
qz
|ut ˚ fjpxq|pdx,
since |Stpx, yq| À utpz ´ yq if x P qz.
We shall further reduce (3.11) to a restricted weak-type inequality. Let
µd be the measure on Nˆ Zdt given by
µdpEq “
ÿ
jě1
2jdt´d#tz : pj, zq P Eu,
and T be the operator acting on functions on Nˆ Zdt by
Tγpxq “
ÿ
j
2jd{2
ÿ
zPZdt
γj,zbjpA{tqfj,z,
for a fixed collection of fj,z satisfying |fj,z| ď χqz . Then (3.11) is equivalent
to
(3.12) ‖Tγ‖LppΩq À ‖γ‖Lppµdq.
We finish this subsection with an outline of the remaining proof. We
first show (3.12) for p “ 1 in Section 4. After that, we prove the following
restricted weak-type inequality in Section 5; for 1 ă p ă 2pd`1q
d`3 and λ ą 0,
(3.13) meastx P Ω : ∣∣
ÿ
j
2jd{2
ÿ
zPEj
bjpA{tqfj,z
∣
∣ ą λu À λ´p
ÿ
j
2jdt´d#Ej,
where Ej is a finite subset of Z
d
t . Then, (3.12) is verified for 1 ď p ă 2pd`1qd`3
by real interpolation. Here, we may assume that λ ą C for some large
constant C by the L1 estimate.
4. L1 and pointwise estimates
In this section, we begin the proof of (3.12) for p “ 1. This involves
certain pointwise estimates which will be used again for the proof of (3.13).
4.1. Error estimates. For the proof of (3.12) for p “ 1, by the triangle
inequality, it suffices to show that for any y P X,
(4.1)
ż
Ω
|bjpA{tqpx, yq|dx À 2jd{2.
Note that ‖bj‖L8 ď
∥
∥
∥pbj∥∥∥
L1
À 2j{2 by the Cauchy-Schwarz inequality and
the L2 normalization of bj. Let ζjpx, yq be the characteristic function of
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tpx, yq P Ω ˆ Ω : |x ´ y| ď C2j{tu, where C is a constant as in Lemma 2.1.
Then Lemma 2.1 gives the following pointwise estimate:
(4.2) |bjpA{tqpx, yq|p1 ´ ζjpx, yqq À 2´jN
ˆ
1
|x´ y|d´1 `
2j{t
|x´ y|d`1
˙
.
Therefore, for any y P X, we haveż
Ω
|bjpA{tqpx, yq|p1 ´ ζjpx, yqqdx À 2´jN .
It suffices to consider the case |x´ y| ď C2j{t. Recall that
(4.3)
bjpA{tqpx, yq “
ĳ pbjprqqpr{t, x, y, ξqeirapy,ξq{tdreiϕpx,y,ξqdξ `Op2´jN q,
by Lemma 2.1. The error term Op2´jN q is negligible for the L1 estimate.
We would like to isolate a further error term as in [4]. Let η˜ be a smooth
function supported on tξ : p2Cq´1 ď |ξ| ď 2Cu which is 1 on tξ : C´1 ď
|ξ| ď Cu for a large fixed constant C “ 16C0; we take a constant C0 such
that C´10 |ξ| ď |apy, ξq| ď C0|ξ| for all y P M . We insert ζjpx, yqη˜pξ{tq and
ζjpx, yqp1 ´ η˜pξ{tqq in the double integral in (4.3) and then call the new
integrals as I and II, respectively.
We claim that II “ Op2´jN tdq, which is acceptable for the L1 estimate
since
meastx : |x´ y| À 2j{tu “ Op2jd{tdq.
Let qˇ denotes the Fourier inverse transform of the symbol q in r-variable.
Observe that
|rbj ˚ tqˇpt¨qspλq| À
ż |bjpτq|tdτ
p1` t|λ´ τ |q2N À 2
´jN p1` 2j |λ|q´N
if |λ| R r1{16, 16s. This follows by considering the cases |τ | P r1{8, 8s and
|τ | R r1{8, 8s separately. Therefore, we may bound |II| by a constant timesż
|ξ|RrC´1t,Cts
|rbj ˚ tqˇpt¨qspapy, ξq{tq|dξ À
ż
2´jN
p1` 2j |apy, ξq{t|qN dξ À 2
´jN td
as claimed.
Define
Qjpr, t, x, yq “ ζjpx, yq
ż
eitΦpr,x,y,ξqqpr, x, y, tξqη˜pξqdξ,
where
Φpr, x, y, ξq “ ϕpx, y, ξq ` rapy, ξq.
Then the main term I :“ Ij can be written as (after the change of variables
ξ Ñ tξ and r Ñ tr)
(4.4) Ijpx, yq “ td
ż
Qjpr, t, x, yqpbjptrqtdr.
Let us summarize the reductions we have done so far.
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Lemma 4.1. Let x, y P Ω. Then
bjpA{tqpx, yq “ Ijpx, yq `Ejpx, yq,
where the L1pΩq operator norm of Ej is Op2´jN q.
We remark that, more generally, LppΩq operator norm of Ej is Op2´jN q
for 1 ď p ď 8. Our next goal is to show that for |r| „ 2j{t and y P X,
(4.5) ‖Qjpr, t, ¨, yq‖L1pΩq À 2jpd´1q{2t´d,
which would immediately imply thatż
Ω
|Ijpx, yq|dx À 2jpd´1q{2
∥
∥
∥pbj∥∥∥
1
À 2jd{2,
giving (4.1).
4.2. Proof of (4.5). The proof follows from a standard technique called
‘second dyadic decomposition’ (see [4, 25, 30, 33]). We give details, closely
following a variant used by Tao [33].
First, we may assume, by using a partition of unity and rotation, that η˜
is supported in a narrow cone tξ “ pξ1, ξdq : |ξ1| ď cξd, ξd „ 1u. Let λ “ ξd
and λω “ ξ1, so that ξ “ λpω, 1q.
Partition ω variable into Op2jpd´1q{2q many disks D of radius 2´j{2 cen-
tered at ωD. Let qDpr, t, x, y, ξq be the symbol qpr, x, y, tξqη˜pξq smoothly cut
off to the tabular region tξ : ω P D,λ „ 1u and let
Qj,Dpr, t, x, yq “ ζjpx, yq
ż
eitΦpr,x,y,ξqqDpr, t, x, y, ξqdξ,
so that Qjpr, t, x, yq “
ř
DQj,Dpr, t, x, yq.
To prove (4.5), it suffices to show that for |r| „ 2j{t,
(4.6) ‖Qj,Dpr, t, ¨, yq‖L1pΩq À t´d.
With an abuse of notation, we shall write Φpr, x, y, ωq for Φpr, x, y, pω, 1qq.
To prove 4.6, we need the following lemma.
Lemma 4.2. Qj,Dpr, t, x, yq satisfies the pointwise estimate
|Qj,Dpr, t, x, yq| À
2´jpd´1q{2p1` t|Φpr, x, y, ωDq|q´N p1` 2´j{2t|∇ωΦpr, x, y, ωDq|q´N .
(4.7)
Given Lemma 4.2, (4.6) follows from the fact that |Qj,Dpr, t, x, yq| rapidly
decays, as a function of x, away from the “plate”
Pj,Dpr, yq “ tx : |Φpr, x, y, ωDq| À 1{t, |∇ωΦpr, x, y, ωDq| À 2j{2{tu
of measure Op2jpd´1q{2t´dq. We defer the detail for the moment and proceed
the proof of Lemma 4.2.
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Proof of Lemma 4.2. Applying Taylor’s expansion, we get
Φpr, x, y, ωq “ Φpr, x, y, ωDq `∇Φpr, x, y, ωDq ¨ pω ´ ωDq ` EDpr, x, y, ωq,
where (with regarding ∇2ωΦ as a quadratic form)
EDpr, x, y, wq “ 1
2
∇2ωΦpω ´ ωD, ω ´ ωDq ` high order terms.
Next, we note that
(4.8) BnλqD “ Op1q and BαωqD “ Op2j|α|{2q.
We claim that the error term eitλED can be harmlessly absorbed into the
symbol qD; q˜Dpr, t, x, y, λ, ωq “ eitλEDqD satisfies bounds similar to those
for qD in (4.8). This follows from the fact that estimates similar to (4.8)
hold for eitλED . To see this, it suffices to show that
(4.9) tEDpr, x, y, wq “ Op1q and tλBαωEDpr, x, y, wq “ Op2j|α|{2q.
Observe that for any multi-index α,
BαωΦ “ Op|x´ y|2q `Oprq “ Op2j{tq,
given that |ξ| „ 1 and |x ´ y| À 2j{t ď ǫ. This, together with |ω ´ ωD| “
Op2´j{2q, shows that tEDpr, x, y, wq “ Op1q. Next, observe that each Bω
derivative removes the gain of 2´j{2 coming from the factor ω ´ ωD. This
gives (4.9).
We rewrite Qj,Dpr, t, x, yq as the product of ζjpx, yq and
(4.10)
ż
λ„1
ż
D
eitλrΦpr,x,y,ωDq`∇ωΦpr,x,y,ωDq¨pω´ωDqsq˜Dpx, y, λ, ωqdωλn´1dλ.
Assume first that 2´j{2|∇ωΦpr, x, y, ωDq| ě |Φpr, x, y, ωDq|{2. In this case,
we integrate by parts in ω-variable to obtain
|Qj,Dpr, t, x, yq| À 2´jpd´1q{2p1` 2´j{2t|∇ωΦpr, x, y, ωDq|q´2N ,
which implies (4.7). The factor 2´jpd´1q{2 comes from the measure of the
disk D.
Next, assume that |Φpr, x, y, ωDq|{2 ě 2´j{2|∇ωΦpr, x, y, ωDq|. From this
we get |Φpr, x, y, ωDq| ě 2|∇ωΦpr, x, y, ωDq ¨ pω ´ ωDq|. Integration by parts
in λ-variable gives
|Qj,Dpr, t, x, yq| À 2´jpd´1q{2p1` t|Φpr, x, y, ωDq|q´2N ,
which again implies (4.7). This completes the proof. 
Finally, in order to obtain (4.6), we still need to verifyż
p1` t|Φpr, x, y, ωDq|q´N p1` 2´j{2t|∇ωΦpr, x, y, ωDq|q´Ndx À 2jpd´1q{2t´d.
For a fixed y, set Gipxq “ BξiΦpr, x, y, ωDq for 1 ď i ď pd´ 1q, and Gdpxq “
Φpr, x, y, ωDq. Let Ipzq “ p1` t|zn|q´N p1` 2´j{2t|z1|q´N . Then we have,
2jpd´1q{2t´d „
ż
Ipzqdz “
ż
IpGpxqq|detG1pxq|dx.
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Therefore, it remains to show that |detG1pxq| „ 1.
Recall that by Euler’s homogeneity relation,
Gdpxq “ BξdΦpr, x, y, pωD , 1qq ` ωD ¨∇ξ1Φpr, x, y, pωD , 1qq.
Form this and
B2
BxiBξj
`xx´ y, ξy `Op|x´ y|2|ξ|q˘ “ δi,j `Opǫq,
we deduce that
detG1pxq “ det
ˆ B2Φ
BxiBξj
˙
“ det `I `Opǫq˘ „ 1.
5. Proof of the restricted weak-type inequality (3.13)
In this section, we finish the proof of Theorem 1.3 by establishing the
restricted weak-type inequality (3.13).
5.1. Density decomposition. Let Qj be a collection of essentially disjoint
cubes of side length 2j{t which cover Rd. Let Qjpλq be the collection of all
Q P Qj such that #Ej XQ ą λp. Then we decompose Ej as a union of Ejpλq
and
Ť
QPQjpλq
Ej XQ, where Ejpλq “ Ejz
Ť
QPQjpλq
Q is the low density part
of Ej satisfying Ejpλq XQ ď λp for any Q P Qj.
We first deal with the high density part. We claim that
(5.1) meastx P Ω : ∣∣
ÿ
j
2jd{2
ÿ
QPQjpλq
bjpA{tqfj,Q
∣
∣ ą λu À λ´p
ÿ
j
2jdt´d#Ej,
where fj,Q “
ř
zPEjXQ
fj,z.
Let Q˚ be the cube with the same center as Q but the side length is
5C2j{t, where the constant C ě 1 is chosen as in (4.2). In particular,
this ensures that bjpA{tqfj,Q is “essentially supported” on Q˚. Let E “Ť
jě1
Ť
QPQjpλq
Q˚. Then
|E| À
ÿ
j
ÿ
QPQjpλq
|Q| ď
ÿ
j
ÿ
QPQjpλq
2jdt´dλ´p#Ej XQ ď λ´p
ÿ
j
2jdt´d#Ej.
Therefore, (5.1) follows from
(5.2) λ´1
ÿ
j
2jd{2
∥
∥
∥
∥
ÿ
QPQjpλq
rbjpA{tqfj,QsχpQ˚qc
∥
∥
∥
∥
L1pΩq
À λ´p
ÿ
j
2jdt´d#Ej.
We remark that the j-sum is over 2dj ą λp since Qjpλq is empty if 2dj ď λp.
Therefore, the following lemma implies (5.2).
Lemma 5.1. Let Qj be a collection of cubes in Qj . Then for 1 ď p ď 8,
∥
∥
∥
∥
ÿ
QPQj
rbjpA{tqfj,QsχpQ˚qc
∥
∥
∥
∥
LppΩq
À 2´jN pt´d#Ejq1{p.
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Proof. If x P ΩzQ˚, then
|bjpA{tqfj,Qpxq| “
∣
∣
∣
∣
ż
bjpA{tqpx, yqfj,Qpyqdy
∣
∣
∣
∣
À 2´jN
ż
tyPΩ:|x´y|ěC2j{tu
ˆ
1
|x´ y|d´1 `
2j{t
|x´ y|d`1
˙ ÿ
zPEjXQ
χqzpyqdy.
Therefore, we may bound |řQPQj bjpA{tqfj,QpxqχpQ˚qcpxq| by
C2´jN
ż
tyPΩ´Ω:|y|ěC2j{tu
ˆ
1
|y|d´1 `
2j{t
|y|d`1
˙ ÿ
zPEj
χqzpx´ yqdy.
The claim for p “ 1,8 follows from the above estimate. Finally, interpola-
tion finishes the proof. 
5.2. L2 Estimates. By the result of previous subsection, we may assume
that
(5.3) #Ej XQ ď λp for any Q P Qj .
Let 1 ď p ď 2pd`1q{pd`3q. Our goal is to prove the following L2 estimate;
(5.4)
∥
∥
∥
∥
ÿ
j
2jd{2
ÿ
zPEj
bjpA{tqfj,z
∥
∥
∥
∥
2
L2pΩq
À λ2´p log2 λ
ÿ
j
2jdt´d#Ej .
Given (5.4), (3.13) follows by Chebyshev’s inequality.
Let Gj “
ř
zPEj
bjpA{tqfj,z. Then as in [11], we have
∥
∥
∥
∥
ÿ
j
2jd{2Gj
∥
∥
∥
∥
2
L2pΩq
À log2 λ
ÿ
j
2jd‖Gj‖
2
L2pΩq
`
ÿ
4 log2 λăkăj´9
2pk`jqd{2|xGj , GkyΩ|,
where xf, gyΩ “
ş
Ω
fpxqgpxqdx.
We claim the following estimates;
‖Gj‖
2
L2pΩq À λ2´pt´d#Ej(5.5)
|xGj , GkyΩ| À λp2jd{22´kpd´1{2qt´d#Ej,(5.6)
which imply (5.4). The proof of (5.6) will be given in the next subsections.
We proceed to the proof of (5.5). Note that Gj “
ř
QPQj
bjpA{tqfj,QχQ˚`
Erj, where ‖Erj‖
2
L2pΩq À 2´jN t´d#Ej by Lemma 5.1. Thus, it is enough
to estimate
∥
∥
∥
ř
QPQj
rbjpA{tqfj,QsχQ˚
∥
∥
∥
2
L2pΩq
. By the proof of Lemma 2.3, we
have
(5.7) ‖bjpA{tqf‖2L2pMq À t2αppq‖f‖2LppMq.
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Then (5.5) follows by almost orthogonality, (5.3), and
‖fj,Q‖
2
p
À pt´d#Ej XQq2{p ď t´2d{pλ2´p#Ej XQ.
5.3. Quasi-orthogonality estimates. In this subsection, we prepare for
the proof of (5.6). In order to exploit the orthogonality of eigenfunctions,
we first replace xGj , GkyΩ by xGj , Gky. We claim that
|xGj , GkyΩ| À |xGj , Gky| ` |xGj , GkyMzΩ|
À |xGj , Gky| ` 2j{22´kN t´d#Ej.
Indeed, notice that if x R Ω, then eirA{tfpxq “ Er{tfpxq for f supported
on X. Let fj “
ř
zPEj
fj,z. Then we have the following estimates
∥
∥
∥
∥
ż pbkprqEr{tfkdr∥∥∥∥
L8pMzΩq
À 2´kN
∥
∥
∥
∥
ż pbjprqEr{tfjdr∥∥∥∥
L1pMzΩq
À
∥
∥
∥pbj∥∥∥
L1
‖fj‖L1pMq À 2j{2t´d#Ej.
The first estimate follows from Lemma 2.1 and that ‖fk‖L8 À 1.
Therefore, it is sufficient to work with |xGj , Gky|. By orthogonality, we
have
xGj , Gky “
ÿ
zPEj
xbjpA{tqfj,z, bkpA{tqfky “
ÿ
zPEj
xbj,kpA{tqfj,z, fky,
where bj,k “ bjbk. Observe that xbj,k “ pbj ˚ pbkp´¨q is supported on tr :
|r| P r2j´3, 2j`3su, ‖bj,k‖2 “ Op2jq and bj,kpλq “ Op2´jN p1 ` 2j |λ|q´N q if
λ R r1{16, 16s. Therefore, an examination of the proof of Lemma 4.1 shows
that
bj,kpx, yq “ Ij,kpx, yq ` Ej,kpx, yq,
where the L1pΩq operator norm of Ej,k is Op2´jN q and
Ij,kpx, yq “ td
ż
Qjpr, t, x, yqxbj,kptrqtdr.
Therefore, by L1 and L8 estimates, |xGj , Gky| is bounded byÿ
zPEj
|xIj,kpA{tqfj,z, fky| `Op2´jN t´d#Ejq
ď
ÿ
zPEj
ÿ
z1PEkpzq
|xIj,kpA{tqfj,z, fk,z1y| `Op2´jN t´d#Ejq,
where Ekpzq “ tz1 P Ek : |z1´z| À 2j{tu. This restriction on the z1-sum comes
from the fact that Ij,kpx, yq is supported in tpx, yq P ΩˆΩ : |x´ y| À 2j{tu.
We decompose bj as a sum of b
n
j as n ranges over natural numbers
comparable to 2j´k, where pbnj is pbj smoothly cut off to the set tr : |r| P
rpn´ 1q2k, pn` 1q2ksu. Then bj,k “
ř
n„2j´k b
n
j,k, where b
n
j,k “ bnj bk.
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So far we have reduced (5.6) to the inequalityÿ
n„2j´k
ÿ
z1PEkpzq
|xInj,kfj,z, fk,z1y| À λp2jd{22´kpd´1{2qt´d,(5.8)
where
Inj,kpx, yq “ td
ż
Qjpr, t, x, yqxbnj,kptrqtdr.
We borrow from Section 4.2 the notations and the estimate forQjpr, t, x, yq.
We recall that
Qjpr, t, x, yq “
ÿ
D
Qj,Dpr, t, x, yq
as D ranges over Op2jpd´1q{2q disks covering a compact set in Rd´1, i.e.
the ω space. Since y P qz, Qj,Dpr, t, x, yq rapidly decays, as a function of
x, away from the set Pj,Dpr, zq. Note also that xbnj,k is supported on a set
tr : |r| “ n2k`Op2kqu. Therefore, for y P qz, Inj,kpx, yq is small if x R Pnj,kpzq,
where
Pnj,kpzq “
ď
D
ď
|tr|“n2k`Op2kq
Pj,Dpr, zq.
In other words, it is z1 P EkpzqXPnj,kpzq, which makes a major contribution to
the inner product |xInj,kfj,z, fk,z1y|. From now on, without loss of generality,
we shall assume that xbnj,k is supported on tr : r “ n2k ` Op2kqu, handling
the other case separately.
Before we proceed to the proof of (5.8), we give an informal discussion. We
will need to estimate the number of EkpzqXPnj,kpzq using the fact that EkpzqX
Q ď λp for any Q P Qk. In view of the Euclidean case [17], Pnj,kpzq should be
a sort of an Op2k{tq neighborhood of z`n2k{tSd´1, which may be covered by
Op2pj´kqpd´1q{2q many “plates” of dimension 2pj`kq{2{tˆ¨ ¨ ¨ 2pj`kq{2{tˆ2k{t.
The discussion above motivates the following definitions. Let Θ be a
maximal 2´pj´kq{2 separated collection of points in the ω space (a compact
subset of Rd´1). Note that #Θ “ Op2pj´kqpd´1q{2q. Define an exceptional
set Epz, rq “ ŤθPΘEθ0pz, rq (cf. [18]), where for l ě 0,
Eθl pz, rq “ tx P Ω : |Φpr, x, z, θq| ď C22k`l{t, |∇ωΦpr, x, z, θq| ď C12pj`kq{2`l{tu
with constants C2 " C1 " Ca for some Ca to be determined in Section 5.5.
Let Dθ be a collection of disks D such that |θ ´ ωD| ď 2´pj´kq{2 in such
a way that for each disk D, there is a unique θ such that D P Dθ. For each
θ P Θ, we have
ΩzEpz, rq Ă ΩzEθ0pz, rq “
ď
lě1
Aθl pz, rq,
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where Aθl pz, rq “ Eθl pz, rqzEθl´1pz, rq. This gives us the basic splittingÿ
z1PEkpzq
|xInj,kfj,z, fk,z1y| À
ÿ
z1PEkpzqXEpz,n2k{tq
|xInj,kfj,z, fk,z1y|
`
ÿ
θPΘ
ÿ
DPDθ
ÿ
lě1
ÿ
z1PEkpzqXA
θ
l
pz,n2k{tq
|xInj,k,Dfj,z, fk,z1y|,
where Inj,k,D is the operator with the kernel
Inj,k,Dpx, yq “ td
ż
Qj,Dpr, t, x, yqxbnj,kptrqtdr.
Lemma 5.2. Assume that fz and fz1 are functions bounded by the char-
acteristic functions on qz and qz1, respectively. If z
1 P Ekpzq X Epz, n2k{tq,
then
(5.9) |xInj,kfz, fz1y| À t´d2´jpd´1q{2
∥
∥
∥ pbnj ∥∥∥
2
.
If z1 P Ekpzq XAθl pz, n2k{tq and D P Dθ, then
(5.10) |xInj,k,Dfz, fz1y| À t´d2´jpd´1q{22´pk`lqN
∥
∥
∥ pbnj ∥∥∥
1
.
Given Lemma 5.2, we can prove (5.8). Note that Eθ0pz, n2k{tq can be
covered by Op2pj´kqpd´1q{2q many cubes Q P Qk and #Θ “ Op2pj´kqpd´1q{2q.
This implies
#Ekpzq X Epz, n2k{tq À λp2pj´kqpd´1q.
Therefore, we may estimate the main term byÿ
n„2j´k
ÿ
z1PEkpzqXEpz,n2k{tq
|xInj,kfj,z, fk,z1y|
À λpt´d2jpd´1q{22´kpd´1q
ÿ
n„2j´k
∥
∥
∥ pbnj ∥∥∥
2
.
Finally, we get the desired result sinceÿ
n„2j´k
∥
∥
∥ pbnj ∥∥∥
2
À 2pj´kq{2` ÿ
n„2j´k
∥
∥
∥ pbnj ∥∥∥2
2
˘1{2 À 2pj´kq{2∥∥∥pbj∥∥∥
2
ď 2pj´kq{2.
Next, we note that Eθl pz, n2k{tq can be covered by Op2pj´kqpd´1q{22ldq
many cubes Q P Qk which gives
#Ekpzq XAθl pz, n2k{tq À λp2pj´kqpd´1q{22ld.
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Therefore, ÿ
n„2j´k
ÿ
θPΘ
ÿ
DPDθ
ÿ
lě1
ÿ
z1PEkpzqXA
θ
l
pz,n2k{tq
|xInj,k,Dfj,z, fk,z1y|
À λpt´d2´kN
ÿ
D
ÿ
lě1
2lpd´Nq
ÿ
n„2j´k
∥
∥
∥ pbnj ∥∥∥
1
À λpt´d2´kN2jpd´1q{2
∥
∥
∥pbj∥∥∥
1
À λpt´d2´kN2jd{2
since there are Op2jpd´1q{2q many disks D and
∥
∥
∥pbj∥∥∥
1
À 2j{2
∥
∥
∥pbj∥∥∥
2
. This
reduces the proof of (5.8) to Lemma 5.2, which we proceed to prove in the
following subsections.
5.4. Proof of (5.9). We first observe that if z1 P Ekpzq X Epz, n2k{tq, then
|z1 ´ z| is comparable to 2j{t. To see this, assume that |z1 ´ z| À 2j{t and
z1 P Eθ0pz, n2k{tq for some θ P Θ. Then |Φpn2k{t, z1, z, θq| À 2k{t, that is,
|xz1 ´ z, pθ, 1qy `Op|z1 ´ z|2q ` n2kapz, pθ, 1qq{t| À 2k{t.(5.11)
Observe that |apy, ξq| „ |ξ| uniformly in y P M . Since |z1 ´ z|2 À |2j{t|2 À
ǫ2j{t and n2k „ 2j , we conclude that
|Op|z1 ´ z|2q ` n2kapz, pθ, 1qq{t| „ 2j{t.
This, combined with (5.11), implies that
|z1 ´ z| Á |xz1 ´ z, pθ, 1qy| Á 2j{t,
as desired.
Assume that we have
∣
∣
∣
∣
Ipt, x, yq :“
ż zκ1κ2prq ż eitφpx,y,ξqeirapy,ξqqpr{t, x, y, tξqη˜pξqdξdr∣∣∣∣
À p1` t|x´ y|q´pd´1q{2q‖κ1‖L2‖κ2‖L2 .
(5.12)
With κ1 “ bnj and κ2 “ bk which is L2 normalized, we get
|xInj,kfz, fz1y| ď
ĳ
td|Ipt, x, yq|χqz pyqχqz1 pxqdxdy
À p1` t|z ´ z1|q´pd´1q{2∥∥bnj
∥
∥
2
ĳ
tdχqzpyqχqz1 pxqdxdy
À 2´jpd´1q{2∥∥bnj
∥
∥
2
t´d,
giving (5.9).
It only remains to prove (5.12). First, by using the generalized polar-
coordinate for the cosphere Σy “ tξ : apy, ξq “ 1u, namely ξ “ ργ for
pρ, γq P R` ˆ Σy (see e.g. [5]), we have
Ipt, x, yq “
ĳ zκ1κ2prqeirρHpr{t, x, y, ρqdrρd´1dρ,
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where
Hpr, x, y, ρq “
ż
Σy
qpr, x, y, tργqeiρφpx,y,γqη˜pργqdµypγq
for a smooth measure dµy on Σy.
Since q is a symbol of order 0 and φpx, y, γq “ xx´y, γy`Op|x´y|2|γ|q, one
can obtain by our curvature assumption on Σy and the method of stationary
phase that
|BNr Hpr, x, y, ρq| À p1` ρ|x´ y|q´pd´1q{2,
for N ě 0. If we denote by Hˇpη, x, y, ρq the inverse Fourier transform of H
for the r-variable, it follows that
|Hˇpη, x, y, ρq| À p1` |η|q´N p1` ρ|x´ y|q´pd´1q{2.
Moreover we note that |Hˇpη, x, y, ρq| vanishes if ρ R rC´1, Cs for some
large constant C “ Ca due to the support of η˜ and the fact that |γ| „ 1 if
γ P YyΣy. Thus,
|Ipt, x, yq| “
∣
∣
∣
∣
ż C
C´1
ż
κ1pρ´ ηqκ2pρ´ ηqtHˇptη, x, y, tρqdηρd´1dρ
∣
∣
∣
∣
À p1` t|x´ y|q´pd´1q{2
ż ż C
C´1
|κ1pρ´ ηqκ2pρ´ ηq|dρ tp1 ` t|η|qN dη
À p1` t|x´ y|q´pd´1q{2‖κ1‖2‖κ2‖2
by the Cauchy-Schwarz inequality in ρ-variable, giving (5.12).
5.5. Proof of (5.10). We may bound |xInj,k,Dfz, fz1y| by
(5.13) td
¡
|Qj,Dpr, t, x, yqfzpyqfz1pxq|dydx|xbnj,kptrq|tdr.
We need the following lemma.
Lemma 5.3. Let z1 P Aθl pz, r0q for some |r0| „ 2j{t. Then
(5.14) |Qj,Dpr, t, x, yq| À 2´jpd´1q{22´pk`lqN ,
provided that |r ´ r0|, |x ´ z1|, and |y ´ z| are Op2k{tq and |ωD ´ θ| “
Op2pk´jq{2q.
In the integral (5.13), r, x, y and ωD satisfy the conditions in Lemma 5.3
with r0 “ n2k by our assumptions. Therefore, we may bound (5.13) by
t´d2´jpd´1q{22´pk`lqN
∥
∥
∥xbnj,k∥∥∥
1
.
The proof is finished once we observe that
∥
∥
∥xbnj,k∥∥∥
1
À
∥
∥
∥ pbnj ∥∥∥
1
∥
∥
∥ pbk∥∥∥
1
À 2k{2
∥
∥
∥ pbnj ∥∥∥
1
.
Proof of Lemma 5.3. If z1 P Aθl pz, r0q, then there are two possibilities;
(i) |∇ωΦpn2k{t, z1, z, θq| ą C12pj`kq{2`l´1{t.
(ii) Condition (i) fails but |Φpn2k{t, z1, z, θq| ą C22k`l´1{t.
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We first consider the case (i). Note that the magnitudes of the derivatives
of Φ and ∇ωΦ with respect to r, x, y variables are (much) smaller than Ca,
where
Ca “ Cr1` sup
yPM,|ξ|“1,|α|ď2
|Bαξ apy, ξq|s,
for a sufficiently large constant C. As a result, we have
(5.15) |∇ωΦpn2k{t, z1, z, θq ´∇ωΦpr, x, y, θq| ď Ca2k{t.
We observe that the magnitudes of the derivatives of Φ with respect to ω
variables are (much) smaller than Ca2
j{t. As a result,
(5.16) |∇ωΦpr, x, y, θq ´∇ωΦpr, x, y, ωDq| ď Ca2pj`kq{2{t.
Combining (5.15), (5.16), and (i), we obtain
|∇ωΦpr, x, y, ωDq| Á 2pj`kq{2`l{t,
which implies (5.14) by Lemma 4.2.
The argument is slightly more delicate in the case (ii). First we observe
that the failure of (i) implies that
(5.17) |∇ωΦpn2k{t, z1, z, ωq| ď 2C12pj`kq{2`l´1{t,
whenever ω “ θ `Op2pk´jq{2q.
(5.17) implies that
(5.18) |Φpn2k, z1, z, θq ´ Φpn2k, z1, z, ωDq| ď 4C12k`l´1{t.
Moreover, as in (5.15), we have
(5.19) |Φpn2k, z1, z, ωDq ´ Φpr, x, y, ωDq| ď Ca2k{t.
Finally, our assumptions, (5.18), and (5.19) give
|Φpr, x, y, ωDq| Á 2k`l{t,
which implies (5.14) by Lemma 4.2. 
6. Proof of Theorem 1.1
6.1. Reduction to a local estimate. For proof of Theorem 1.1, we shall
use Proposition 3.1 and the atomic decomposition in [21, 17]. We first recall
the following fact.
Lemma 6.1. Let 1 ď q ď 8 and α ą 0. Assume that ψ1 and ψ2 are
non-trivial smooth functions with compact supports in p0,8q. Then
sup
tą0
‖mpt¨qψ1‖B2α,q » sup
tą0
‖mpt¨qψ2‖B2α,q ,
where the implicit constant is independent of m.
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This seems to be well known and can be obtained by modifying the proof
of [7, Lemma 2.4] used to prove a similar result. By the lemma, we may
assume that ψ is a smooth non-negative function supported on r1{2, 2s,
such that
ř
tP2Z ψpr{tq2 “ 1 for r ą 0. We emphasize that, here and in what
follows, t P 2Z is a dyadic number, i.e. 2n for some n P Z.
Let mt “ mpt¨qψ, mtj “ mt ˚ φˇj , and
ř
t “
ř
tP2Z . We decompose m as
m “
ÿ
t
mψp¨{tq2 “
ÿ
t
mtp¨{tqψp¨{tq “
ÿ
t
ÿ
j
mtjp¨{tqψp¨{tq
“
ÿ
t
ηp¨{tq
ÿ
1ď2jăǫt
mtjp¨{tqψp¨{tq `
ÿ
t
ηp¨{tq
ÿ
2jěǫt
mtjp¨{tqψp¨{tq
“ mI `mII .
Here we used the fact that ψ “ ηψ.
Let
Cp,q “ sup
tP2Z
∥
∥mt
∥
∥
B2
αppq,q
.
We first handle mII . By compactness, (almost) orthogonality and (2.5), we
may bound ‖mIIpAqf‖LppMq by a constant times
‖mIIpAqf‖L2pMq À
ˆÿ
t
∥
∥
∥
∥
ÿ
2jěǫt
mtjpA{tqψpA{tqf
∥
∥
∥
∥
2
L2pMq
˙1{2
À sup
tą0
∥
∥mt
∥
∥
B2
αppq,8
ˆÿ
t
‖ψpA{tqf‖2LppMq
˙1{2
À Cp,q
∥
∥
∥
∥
`ÿ
t
|ψpA{tqf |2˘1{2∥∥∥
∥
LppMq
À Cp,q‖f‖LppMq,
where the last inequality follows from the Littlewood-Paley theory (see [24,
Lemma 2.3]).
Next, we handle the term mI . As before, we may assume that f is
supported in a compact subset Ω0 of a coordinate patch Ω Ă M and fix
a compact subset X of Ω, whose interior contains Ω0.
We claim that
(6.1)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
1ď2jăǫt
mtjpA{tq
“`
ψpA{tqf˘χXc‰∥∥∥∥
LppMq
À Cp,q‖f‖LppΩq.
To see this, note that we have by Lemma 2.3
∥
∥mtjpA{tqf
∥
∥
LppMq
À tαppq∥∥mt∥∥
L2
‖f‖LppMq.
Recall from Section 3.1 that ψpA{tqfpxq “ Rtfpxq for x P Xc, where the Lp
operator norm of Rt is Opt´N q. This gives (6.1) by the triangle inequality.
This reduces ‖mIpAqf‖Lp,qpMq À Cp,q‖f‖LppΩq to
(6.2)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
1ď2jăǫt
mtjpA{tq
“`
ψpA{tqf˘χX‰∥∥∥∥
Lp,qpMq
À Cp,q‖f‖LppΩq.
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We proceed to prove (6.2) in the following subsections. In what follows, we
shall implicitly assume that every t-summation is taken over dyadic numbers
t ą ǫ´1.
6.2. Atomic decomposition. We fix a local coordinate for Ω such that,
via the coordinate chart, Ω contains tx P Rd : |x| ď 200dǫu and X is a
compact subset of tx P Rd : |x| ď 2´20ǫu.
We shall decompose rψpA{tqf sχX by using the Peetre’s square function
as in [21, 17], which is defined for x P X by
Sfpxq “
˜ÿ
t
sup
|y|ď100d{t
|ψpA{tqfpx` yq|2
¸1{2
.
We have
‖Sf‖LppΩq À ‖f‖LppΩq for 1 ă p ă 8.
See [21, Lemma 5.1]. In addition, we quote an orthogonality estimate in
Lorentz spaces which can be obtained from [24, Lemma 2.3] and [17, Lemma
3.2].
Lemma 6.2. Let 1 ă p ă 2 and p ď q ď 8. Then
∥
∥
∥
∥
∥
ÿ
t
ηpA{tqft
∥
∥
∥
∥
∥
Lp,qpMq
À
˜ÿ
t
‖ft‖
p
Lp,qpMq
¸1{p
.
From now on, we closely follow the atomic decomposition from [17]. How-
ever, in order to avoid repetition, we give a minimal exposition and refer the
reader to [17] for details. Define
Λn “ tx P X : Sfpxq ą 2nu.
For each t P 2Z, let Qnt be the set of all dyadic cubes Q of sidelength 1{t
such that
|QX Λn| ě |Q|{2 but |QX Λn`1| ă |Q|{2.
Then one may verify that
rψpA{tqf sχX “
ÿ
n
ÿ
QPQnt
rψpA{tqf sχQXX .
Let
Λ˚n “ tx P Rd : MpχΛnqpxq ą 100´du,
where M is the Hardy-Littlewood maximal function. Note that Λ˚n is con-
tainted in tx : |x| ď 2´12ǫu. There is a Whitney decomposition of Λ˚n as a
collection of dyadic cubes Wn. The interior of the cubes in Wn are disjoint
and, for each Q P Qnt , there is a unique W P Wn containing Q. For each
t P 2Z, W PW :“ YnWn, and n P Z, set
at,W,n “
ÿ
QPQnt
QĂW
rψpA{tqf sχQXX ,
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and at,W “
ř
n:WPWn
at,W,n. For each dyadic number t, let Wptq be the
collection of cubes in W whose sidelength is t. Then we have the following
decomposition;
rψpA{tqf sχX “
ÿ
n
ÿ
WPWn
at,W,n “
ÿ
WPW
at,W “
ÿ
kě0
ÿ
WPWp2k{tq
at,W .
SinceWp2k{tq is empty when 2k{t ě 2´10ǫ, the k-sum is taken over 2k`10 ă
ǫt.
To prove (6.2), it is enough to show that
(6.3)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
ÿ
1ď2jăǫt
mtjpA{tqat,W
∥
∥
∥
∥
Lp,qpMq
À Cp,q‖Sf‖LppΩq.
Let mt,k “ ř0ďjďk`10mtj. Then (6.3) is implied by the following claims;
there is δ ą 0 such that for k ě 0,
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
WPWp2k{tq
ÿ
2jăǫt
jąk`10
mtjpA{tqat,W
∥
∥
∥
∥
Lp,qpMq
À 2´kδCp,q‖Sf‖LppΩq,
(6.4)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
mt,kpA{tqat,W
∥
∥
∥
∥
LppMq
À Cp,q‖Sf‖LppΩq.(6.5)
We continue the proof of (6.4) and (6.5) in the following subsections. We
record here an identity to be used later.
Lemma 6.3 ([17, Equation (57)]).ÿ
t
ÿ
WPWp2k{tq
‖at,W‖
p
LppMq
À
ÿ
t
ÿ
WPWp2k{tq
p2k{tqdp 1p´ 12 qp‖at,W ‖pL2pMq À ‖Sf‖pLppΩq.
6.3. Proof of (6.5). We first claim that it is sufficient to prove
(6.6)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
rmt,kpA{tqat,W sχΩ
∥
∥
∥
∥
LppMq
À Cp,q‖Sf‖LppΩq.
Note that mt,k “ mt ˚F´1rφp¨{2k`10qs and for x R Ω and y P X, we have
|mt,kpA{tqpx, yq| “ Op2´kN q∥∥mt∥∥
1
by Lemma 2.1. This gives
∥
∥
∥
∥
mt,kpA{tq
” ÿ
WPWp2k{tq
at,W
ı∥∥
∥
∥
LppΩcq
À 2´kN∥∥mt∥∥
1
∥
∥
∥
∥
ÿ
WPWp2k{tq
at,W
∥
∥
∥
∥
LppMq
À 2´kNCp,q
´ ÿ
WPWp2k{tq
‖at,W‖
p
LppMq
¯1{p
,
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which implies with Lemma 6.3 and Lemma 6.2,
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
rmt,kpA{tqat,W sχΩc
∥
∥
∥
∥
LppMq
À
ÿ
k
¨˝ÿ
t
∥
∥
∥
∥
mt,kpA{tq
” ÿ
WPWp2k{tq
at,W
ı∥∥
∥
∥
p
LppΩcq
‚˛1{p
À Cp,q
ÿ
k
2´kN
¨˝ÿ
t
ÿ
WPWp2k{tq
‖at,W ‖
p
LppMq
‚˛1{p À Cp,q‖Sf‖LppΩq,
(6.7)
establishing the claim.
Next, we define operators T t,ksh and E
t,k
lg , by
T
t,k
sh px, yq “ χtpx,yqPΩˆΩ:|x´y|ďC2k`10{tupx, yqmt,kpA{tqpx, yq
E
t,k
lg px, yq “ χtpx,yqPΩˆΩ:|x´y|ąC2k`10{tupx, yqmt,kpA{tqpx, yq,
for a sufficiently large C ą 0 as in Lemma 2.1. In order to prove (6.6), it is
sufficient to prove the following estimates;
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
T
t,k
sh at,W
∥
∥
∥
∥
LppMq
À Cp,q‖Sf‖LppΩq,(6.8)
∥
∥
∥
∥
ÿ
t
ηpA{tq
ÿ
k
ÿ
WPWp2k{tq
E
t,k
lg at,W
∥
∥
∥
∥
LppMq
À Cp,q‖Sf‖LppΩq.(6.9)
By Lemma 2.1, we see that the Lp operator norm of Et,klg is Op2´kN
∥
∥mt
∥
∥
1
q.
We omit the proof of (6.9), since it can be shown as in (6.7).
We turn to the proof of (6.8). We claim that
(6.10)
∥
∥
∥T
t,k
sh f
∥
∥
∥
L2pMq
À Cp,q‖f‖L2pMq.
This, together with the fact that T t,ksh at,W is supported in a fixed dilate W
˚
of W , establishes (6.8). We refer the reader to [17, Appendix A] for details.
For the proof of (6.10), it is enough to notice that
∥
∥
∥mt,kpA{tqf
∥
∥
∥
L2pMq
À
∥
∥
∥mt,k
∥
∥
∥
8
‖f‖L2pMq À Cp,q‖f‖L2pMq,
since T t,ksh px, yq “ mt,kpA{tqpx, yqχΩpxq´Et,klg px, yq and the Lp operator norm
of Et,klg is Op2´kN
∥
∥mt
∥
∥
1
q.
6.4. Proof of (6.4). We denote
ř
2jăǫt
jąk`10
by
ř
j for the sake of simplicity.
We apply Lemma 6.2 and decompose mtj as in (3.9). Then it is sufficient to
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show, for the proof of (6.4), that there is δ ą 0 such that
(6.11)¨˝ÿ
t
∥
∥
∥
∥
ÿ
j
mtjη ˚ ηˇjpA{tq
” ÿ
WPWp2k{tq
at,W
ı∥∥
∥
∥
p
Lp,qpMq
‚˛1{p À 2´kδCp,q‖Sf‖LppΩq.
For the proof of (6.11), we need the following proposition.
Proposition 6.4. Let 1 ă p ă 2pd`1q
d`3 , p ď q ď 8, and bj as in Proposition
3.1. Fix k ě 0 and assume that az is a function supported in X, in partic-
ular, on the cube Wz :“
śd
i“1r2kzi{t, 2kpzi ` 1q{ts XX for each z P Zd and
that ‖az‖L2pXq ď 1. Then there is δ ą 0 such that
∥
∥
∥
∥
ÿ
2jăǫt
jąk`10
2
´jdp 1
p
´ 1
2
q
bjpA{tq
”ÿ
z
γj,zaz
ı∥∥
∥
∥
Lp,qpMq
À 2´kδp2k{tqdp 1p´ 12 q
´ÿ
z
`ÿ
j
|γj,z|q
˘p{q¯1{p
.
(6.12)
We defer the proof of Proposition 6.4 for the moment and proceed to
the proof of (6.11). Fix t P 2Z. We can identify řWPWp2k{tq at,W withř
z at,Wz , where the sum is taken over z P Zd such that Wz P Wp2k{tq and
‖at,Wz‖2 ‰ 0. Then set az “ ‖at,Wz‖´12 at,Wz and bj “ rmtjηs ˚ ηˇj{‖mtj‖2
(bj “ 0 if ‖mtj‖2 “ 0). Finally, set γj,z “ 2jαppq‖mtj‖2‖at,Wz‖2. Then
Proposition 6.4 implies that
∥
∥
∥
∥
ÿ
j
mtjη ˚ ηˇj
” ÿ
WPWp2k{tq
at,W
ı∥∥
∥
∥
p
Lp,qpMq
À 2´kδp∥∥mt∥∥p
B2
αppq,q
p2k{tqdp 1p´ 12 qp
ÿ
WPWp2k{tq
‖at,W‖
p
2
.
We sum this over t using Lemma 6.3, which gives (6.11).
Proof of Proposition 6.4. Define the operator Sj acting on functions on Z
d
by
Sjγj “ 2jd{2bjpA{tq
“ÿ
z
γj,zaz
‰
.
Fix p1 such that p ă p1 ă 2pd`1qd`3 . Then we have
(6.13)
∥
∥
∥
∥
ÿ
j
Sjγj
∥
∥
∥
∥
Lp1 pMq
À p2k{tqdp 1p1´ 12 q
˜ÿ
j
2jd‖γj‖
p1
lp1
¸p1
,
which is a consequence of Proposition 3.2, followed by Ho¨lder’s inequality.
The 2´kδ gain is obtained from an L1 estimate. Indeed, we claim that
(6.14)
∥
∥
∥
∥
ÿ
j
Sjγj
∥
∥
∥
∥
L1pMq
À 2k{2{td{2
ÿ
j
2jd‖γj‖l1 .
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Here, 2k{2 is a gain over the bound 2kd{2. Interpolating (6.13) and (6.14) by
using [17, Lemma 2.4] gives (6.12). We refer the reader to [17] for details.
By the triangle inequality and Lemma 2.1, we see that (6.14) follows from
(6.15) ‖bjpA{tqaz‖L1pΩq À 2k{2p2j{tqd{2.
By Lemma 4.1, we have
‖bjpA{tqaz‖L1pΩq À ‖Ijaz‖L1pΩq ` 2´jN‖az‖L1pΩq.
Since ‖az‖L1pΩq À p2k{tqd{2 and j ą k, this reduces (6.15) to
‖Ijaz‖L1pΩq À 2k{2p2j{tqd{2.
This can be further reduced to the statement that we have, for |r| „ 2j{t
and j ą k ` 10,
(6.16)
∥
∥
∥
∥
td
ż
Qjpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L1pΩq
À p2jpd´1q2k{tdq1{2.
Before we proceed to the proof of (6.16), we briefly discuss the idea of the
proof (cf. [11, 17]). Let cz be the center of the cube Wz. It turns out that
the integrand in (6.16) is essentially supported in the set Epcz , rq, defined in
Section 5.3, whose measure is Op2jpd´1q2k{tdq. We will apply the Cauchy-
Schwarz inequality over this set and work with an L2 estimate, which leads
us to (6.16).
We first handle the L1 estimate off the set Epcz , rq. As in Section 5.3,
∥
∥
∥
∥
td
ż
Qjpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L1pΩzEpcz,rqq
ď
ÿ
D
∥
∥
∥
∥
td
ż
Qj,Dpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L1pΩzEpcz,rqq
ď
ÿ
θ
ÿ
DPDθ
ÿ
lě0
∥
∥
∥
∥
td
ż
Qj,Dpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L1pAθ
l
pcz ,rqq
.
By Lemma 5.3, we may bound the last line by a constant times
2´jpd´1q{2td
ÿ
θ
ÿ
DPDθ
ÿ
lě0
2´pk`lqN |Aθl pcz , rq|‖az‖L1pΩq
À 2´jpd´1q{2td
ÿ
θ
ÿ
DPDθ
ÿ
lě0
2´pk`lqN2pj`kqpd´1q{2`k`ld{tdp2k{tqd{2
À 2´kN p2jpd´1q{tdq1{2.
For the main term, we claim that
(6.17)
∥
∥
∥
∥
td
ż
Qjpr, t, ¨, yqfpyqdy
∥
∥
∥
∥
L2pΩq
À ‖f‖L2pΩq.
28 JONGCHON KIM
Given this, we have
∥
∥
∥
∥
td
ż
Qjpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L1pEpcz ,rqq
À p2jpd´1q2k{tdq1{2
∥
∥
∥
∥
td
ż
Qjpr, t, ¨, yqazpyqdy
∥
∥
∥
∥
L2pΩq
À p2jpd´1q2k{tdq1{2
by the L2 normalization of az.
It only remains to verify (6.17), i.e. the uniform L2pΩq boundedness of
the operator associated with the kernel
ζjpx, yq
ż
eiΦpr,x,y,ξqqpr, x, y, ξqη˜pξ{tqdξ,
for |r| „ 2j{t. We remark that qpr, x, y, ξqη˜pξ{tq is a symbol of order 0 in
ξ-variable with bounds uniform in t. Moreover, we have
det
ˆ
Φxy Φxξ
Φξy Φξξ
˙
‰ 0
as the phase function Φpr, x, y, ξq “ ϕpx, y, ξq ` rapy, ξq is a small pertur-
bation of xx ´ y, ξy since r “ Opǫq and |x ´ y| À 2j{t ď ǫ. Therefore,
(6.17) follows from the L2 boundedness of Fourier integral operators (see
[13, 8]). 
7. A concluding remark
It would be interesting to obtain the following maximal version of Theo-
rem 1.3; under the same assumptions in Theorem 1.3,
∥
∥
∥
∥
sup
tą0
|mpA{tqf |
∥
∥
∥
∥
Lp
1pMq
À ‖m‖B2
αppq,q
pRq‖f‖Lp1,q1pMq.
A related maximal estimate holds for a class of quasiradial Fourier multi-
pliers (see [17, 16]). In view of [17], it would follow from a vector valued
version of Theorem 1.3, which is likely to be obtained, provided that the
following vector valued analogue of Lemma 2.3 is verified;
∥
∥
∥
∥
ż 2
1
β ˚ ηˇjpA{stqfsds
∥
∥
∥
∥
L2pMq
À tδppqmaxpt1{2, 2j{2q‖β‖L2
∥
∥
∥
∥
ż 2
1
|fs|ds
∥
∥
∥
∥
LppMq
.
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